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Motivation
Random Forests (RF) classifiers, starting in
early 2000s with [2]:

• Widely used in practice;
• Often achieve state-of-the-art results;
• But theory is underdeveloped: some

consistency results, rarely rates of con-
vergence [1].

Mondrian Forests is an online RF algorithm
[3] based on the Mondrian Process [5], a dis-
tribution on tree partitions of [0, 1]d.

• Computationally attractive (can be up-
dated easily);
• Good accuracy/complexity tradeoff;
• Lack theoretical guarantees/analysis;
• Depends on complexity parameter λ ∈
R+: how to tune it?

Our contributions
• Analysis of the statistical properties of

Mondrian Forests:
• Universal consistency of the procedure;
• Minimax nonparametric rates for a

proper tuning of λ, in arbitrary dimen-
sion d.
First minimax optimal rates for a RF
method in arbitrary dimension d > 1
(case d = 1 was done in [1]).
• Improved rates for large enough Mon-

drian forests over single trees under
some conditions.

Setting
Regression (same for classification):

• Sample Dn : (X1, Y1), . . . , (Xn, Yn) ∈
[0, 1]d ×R, i.i.d distributed as (X,Y ). µ
distribution of X , f∗(x) = E[Y |X = x]
(unknown) true regression function.
• Goal: using the sample Dn, output a

(possibly randomized) regression func-
tion f̂n : [0, 1]d → R such that as n→∞

R(f̂n) = E[(f̂n(X)− f∗(X))2]→ 0 .

• Online algorithm: new points (Xi, Yi)
arrive sequentially, estimators are up-
dated on the fly.

The Mondrian process
Distribution MP(λ,C) on tree partitions (kd-
trees) of rectangular box C =

∏d
j=1[aj , bj ] ⊆

Rd [5]. λ ∈ R+: lifetime parameter, guides
the complexity of partitions.
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Mondrian(λ,C): Samples Πλ ∼ MP(λ,C)

• Start with root cell C, formed at time τC = 0.
• Sample time till split E ∼ Exp(|C|) with
|C| :=

∑d
j=1(bj − aj), split coordinate J ∈

{1, . . . , d} with P(J = j) =
bj−aj
|C| , and split

threshold SJ |J ∼ U([aJ , bJ ]).
• If τC + E 6 λ:

– Split C in CL = {x ∈ C : xJ 6 SJ} and
CR = C \ CL.

– Apply the procedure to (CL, τC +
E), (CR, τC + E).

• Else don’t split C (becomes a leaf of the tree).

Mondrian Forests
• Sample independent partitions

Π
(1)
λ , . . . ,Π

(M)
λ ∼ MP(λ, [0, 1]d).

• On each leaf cell C of Π
(k)
λ , constant pre-

diction = average of the Yi s.t. Xi ∈ C;
• Mondrian Forest estimator f̂ (M)

λ,n : aver-
age the predictions of trees k = 1, . . . ,M .

• Online implementation [3] using the
properties of the Mondrian process,
with an increasing λn [4].

Universal consistency
Theorem 1. Assume that E[Y 2] <∞. Let λn →
∞ such that λdn/n → 0. Then, Mondrian forests
with lifetime λn are consistent: R(f̂

(M)
λn,n

)→ 0.

Remark 1. No rate of convergence, but true
under virtually no assumption on the regres-
sion function f∗.

Minimax nonparametric rates
Theorem 2. Assume that f∗ : [0, 1]d → R is
Lipschitz. Then, Mondrian Forests with lifetime
λn � n1/(d+2) satisfy

R(f̂
(M)
λn,n

) = O(n−2/(d+2))

which is the optimal convergence rate under this
hypothesis.

Remark 2. True for any number of trees M , in
particular for single trees (M = 1).

“Forest effect”
Theorem 3. Assume that f∗ is of class C 2, and
that X has a positive, Lipschitz density on [0, 1]d.
Then, for every ε > 0, for λ := λn � n1/(d+4) and
M := Mn & n2/(d+4),

E
[
(f̂

(M)
λ,n −f

∗)2|X ∈ [ε, 1−ε]d
]

= O(n−4/(d+4))

which is the optimal rate for twice differentiable
f∗ in dimension d. Without conditioning, we
get O(n−3/(d+3)) (boundary effect). By contrast,
Mondrian trees do not exhibit improved rates.

Remark 3. In this variant of RF, averaging re-
duces bias (approximation error), and not
variance. Common intuition on other variants
of RF is the opposite.

Proof ideas
Bias-variance decomposition: approximation
error + estimation error. Difficulty: in dimen-
sion d > 2, tree partitions have a recursive
structure, not straightforward to control pre-
cisely (dependence on previous splits. . . ).

• Controlling first the combinatorial tree
structure, then the geometry of the parti-
tion is suboptimal (⇒ suboptimal rates).

• Mondrian processes have appealing re-
striction properties that enable to di-
rectly control the induced partition.

Key Lemmas
Tight control of local and global properties of
tree partitions.

Lemma 1. Let Dλ(x) be the diameter of the
cell containing x ∈ [0, 1]d in a Mondrian Πλ ∼
MP(λ, [0, 1]d). For every δ > 0, we have

P(Dλ(x) > δ) 6 d

(
1 +

λδ√
d

)
exp

(
− λδ√

d

)
.

Lemma 2. If Πλ ∼ MP(λ, [0, 1]d), the number
of splits Kλ in Πλ satisfies: E[Kλ] = (1 + λ)d.

Online and adaptive MF
• Parameter-free algorithm competitive

with the best choice of λn through effi-
cient aggregation (⇒ adaptive rates).

• Relies on the extension properties of the
Mondrian process + efficient aggrega-
tion procedure on trees to obtain an on-
line algorithm.

Open problems
• Mondrian Forests satisfy the best guar-

antees we can hope for “purely random
forests”: trees grown independently of
data.

• What advantage can more sophisticated
variants demonstrably provide ? E.g.,
selection of important variables ?
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