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Outline

» Motivating examples

> Kernel ridge regression and kernel PCA

» Approximation methods

» Computational vs. statistical trade off



Kernel Ridge regression: Feature Map and Kernel Trick
> Given: {(x;,yi)}i_; where x; € X, y; € R

» Task: Find a regressor f € 1 (some feature space) s.t. f(x;) = y;.



Kernel Ridge regression: Feature Map and Kernel Trick

» Idea: Map x; to ®(x;) and do linear regression,
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Kernel Ridge regression: Feature Map and Kernel Trick

» Idea: Map x; to ®(x;) and do linear regression,

n

min Z((f, O(xi))w — yi)* + AFI3 (A>0)

i=

» Solution: For ®(X) := (®(x1),...,P(xy)) € RAM(H)xn 504
y = (}/1, e 5)/n)T S ]an

1

f=- <,17q>(x)<1>(x)T + Ald;m(m> . ®(X)y

primal

- %¢(X) (,17¢(X)T¢(X) + /\I,,> i y

dual



Kernel Ridge regression: Feature Map and Kernel Trick
» Prediction: Given t € X

f(t) = <fv ¢(t)>7-£ = %YT(D(X)T <%¢(X)¢(X)—r + AIdim(?-[)) ) ¢(t)



Kernel Ridge regression: Feature Map and Kernel Trick

» Prediction: Given t € X
1 1 !
F(0) = (£, (0 = 23700 (FO00000T + Mami ) (0

- %yT <1¢(X)T¢(x) + Aln) O(X) " (1)

As before
ggm)’ O(x1))n (®(x1), ®(xn))n
B(X)TH(X) = x2), ®(x1))n (P(x2), P(xn)) 2
(®(xn), ®(x1))n (®(xn), ®(xn)) 7
k(i) =(@(x),®())
and



Remarks

» The primal formulation requires the knowledge of feature map ®
(and of course H) and these could be infinite dimensional.

» The dual formulation is entirely determined by kernel evaluations,
Gram matrix and (k(x;,t));. But poor scalability: O(n?).



Kernel Principal Component Analysis

» Dimensionality reduction
> Given: {(x;)}/_, where x; € R

» Task: Find a low-dimensional representation for (x;).



Kernel Principal Component Analysis

max, Var ((F, ®0a)), (F, @0 -, {F, @) a)

n 2
= max % Z(f, O(x))%, — (i Z(f, d)(x;))H)
i=1 ,

= max (f,3f
|\f|\a:1<' I



Kernel Principal Component Analysis

an‘rllSilVar(<f,¢(X1)>H,<f L P0R)) s (F, D))

n

2
e % Z<f’ Ml (i > (f ¢(Xi)>H>
=1 )

= max <fq}:f>

[fllae=1""



Remarks

» The primal formulation requires the knowledge of feature map ®
(and of course H) and these could be infinite dimensional.

» The dual formulation is entirely determined by kernel evaluations,
Gram matrix and (k(x;,t));. But poor scalability: O(n?).



Approximation Schemes

» Incomplete Cholesky factorization (Fine and Scheinberg, JMLR 2001)
» Sketching (Yang et al., 2015)

» Sparse greedy approximation (Smola and Schélkopf, NIPS 2000)

» Nystrom method (Williams and Seeger, NIPS 2001)

» Random Fourier features (Rahimi and Recht, NIPS 2008), ...



Key ldeas

» Approach 1: Finite dimensional approximation to ®(x)

» Perform linear method on ®,,(x) € R™.

> Involves ®,(X)®n,(X)" € R™ ™.



Key ldeas

» Approach 1: Finite dimensional approximation to ®(x)
» Perform linear method on ®,,(x) € R™.
> Involves ®,(X)®n,(X)" € R™ ™.

» Approach 2: Approximate the representer
» The representer theorem yields that the solution lies in

{fE H’f:iaik(-,xi) S, ..., an) ER"}

» |Instead, restrict the solution to

{f € H)f:zm:ﬁ,k(.;(,) : (617~~-76m) GR'"}



Approach 1: Finite dimensional approximation to ®(x)



Random Fourier Approximation

> X = RY k be continuous and translation-invariant, i.e.,
k(x,y) =(x —y).

» Bochner's theorem: ) is positive definite if and only if

k(x,y) = eV Hwx=y) dA\(w),

Rd

where A is a finite non-negative Borel measure on RY.

> k is symmetric and therefore A is a “symmetric’ measure on RY.



Random Fourier Approximation

> X = RY k be continuous and translation-invariant, i.e.,
k(x,y) =(x —y).

» Bochner's theorem: ) is positive definite if and only if
k(x,y) = eV Hwx=y) dA\(w),
Rd
where A is a finite non-negative Borel measure on RY.

> k is symmetric and therefore A is a “symmetric’ measure on RY.

» Therefore

k(x,y) = /Rd cos({w, x — y)2) d\(w).



Random Feature Approximation

ii.d.

(Rahimi and Recht, 2008a): Draw (w;)™, "~ A.

j=1

b9 = 3 €05 ({55 = ¥)2) = (P(3), O o,

~ k(Xay) = <k(~,X), k("y»'H

(®(x),®(x)) 5

»1(x)
—_—~

d,(x) = %(cos((wl, X)2), .+« €0s({wm, X)2), sin({wr, X)2), . . ., sin({wm, x)2)).



How good is the approximation?

(S and Szabd, NIPS 2016):

log |.¥
sup |km(x,y)—k(x,y>|=oa.s.< g—')

x,y€& m

Optimal convergence rate

» Other results are known but they are non-optimal (Rahimi and Recht,
NIPS 2008; Sutherland and Schneider, UAI 2015).



Ridge Regression: Random Feature Approximation
> Given: {(x;,yi)}r_; where x; € X, y; € R
» Task: Find a regressor f s.t. f(x;) = y;.



Ridge Regression: Random Feature Approximation

> Idea: Map x; to ®,,(x;) and do linear regression,

n

min — Z(<W’ ®m(x))ram = yi)? + M|Wlfen (A >0)



Ridge Regression: Random Feature Approximation

> Idea: Map x; to ®,,(x;) and do linear regression,

n

min = ({w, ®m(x))eem — i) + AWl (A > 0)

» Solution: For ®,(X) := (®m(x1), - .-, Pm(x,)) € R2™*" and
y = (YIy"'ayn)T R" '
1

=1 <n<1>m(X)c1>m(><)T + A’zm)_ Om(X)y

primal

= Z0u(X) (cbm(X)%m(x) + Aln) B y

dual

Computation: O(m”n).



What happens statistically?

Kernel ridge regression: (X;, Y;)7_, i PXY -

> Rp = infrepz(py) EIf(X) — Y2 =E|f*(X) - Y%

» Penalized risk minimization: O(n®)
f,=arg |nf —Z|Y X3+ M|fII3,
» Penalized risk minimization (approximate): O(m?n)

P
fm,n:argfler]i ;Z'Yl— f(Xl)Ig_‘_)‘”fH%-lm
™=



What happens statistically?

Re(fnn) —R*
——
E|fm,o(X)=Y|?

= (RP(fm,n) - RP(fn)) + (RP(fn) - R;)

error due to approximation




What happens statistically?

Re(fnn) —R*
——
E|fm,o(X)=Y|?

= (RP(fm,n) - RP(fn)) + (RP(fn) - R;)

error due to approximation

> (Rahimi and Recht, 2008b): (m A n)~2



What happens statistically?

Re(fnn) —R*
——
E|fm,o(X)=Y|?

= (RP(fm,n) - RP(fn)) + (RP(fn) - R;)

error due to approximation

> (Rahimi and Recht, 2008b): (m A n)~2

> (Rudi and Rosasco, 2016): If m > n® where 3 < a < 1 with a
depending on the properties of f*, then f,, , achieves the minimax
optimal rate as obtained in the case with no approximation.

Computational gain with no statistical loss!!



Kernel PCA: Random Feature Approximation
» Perform linear PCA on {®,(x;)}7;.

» Approximate KPCA finds 8 € R™ that solves

sup Var[{(8, ®m(x))o} ] = sup (8. En)
lI8]l2=1 lIB]l2=1 2

where

3, = % D Om(x) @ O(xi) — <,17 Z q>m(x,-)> ® (}7 Zd)m(x,-)) :

i=1



Kernel PCA: Random Feature Approximation
» Perform linear PCA on {®,(x;)}7;.

» Approximate KPCA finds 8 € R™ that solves
sup Var[{(8, ®m(x))o} ] = sup (8. En)
181l2=1 I1812=1 2

where

n

¥, = % D Om(x) @ O(xi) — <,17 Z q>m(x,-)> ® (}7 Z ¢m(x,-)> :

i=1

» Same as doing kernel PCA in H,, where
Hm = {f—Zﬂ,(p‘, . ﬁ ERm}
i=1

is an RKHS induced by the reproducing kernel k,.



Kernel PCA: Random Feature Approximation
» Perform linear PCA on {®,(x;)}7;.

» Approximate KPCA finds 8 € R™ that solves

sup Var[{(8, ®m(x))o} ] = sup (8. En)
lI8]l2=1 lIB]l2=1 2

where

n

3, = % D Om(x) @ O(xi) — <,17 Z q>m(x,-)> ® (}7 Z ¢m(x,-)> :

i=1

» Same as doing kernel PCA in H,, where
Hm = {f—Zﬂ,(p‘, . ﬁ ERm}
i=1
is an RKHS induced by the reproducing kernel k,.

» Computation: O(m”n)



Reconstruction Error

» Linear PCA

Ex~p

(X —p) —

M-

2



Reconstruction Error

» Linear PCA

» Kernel PCA

Ex~p ;

where l;(~,x) = k(-,x) — [ k(-,x) dP(x).



Reconstruction Error

» Linear PCA
y 2
Ex~p (X =) = Y (X = 1), di)ashi
i=1 >
» Kernel PCA
¢ 2
Exp k('v X) - Z<;(7 X)’ ¢i>9f¢i
i=1 I

where l;(~,x) = k(-,x) — [ k(-,x) dP(x).

» However, the eigenfunctions of approximate empirical KPCA lie in
H,,, which is finite dimensional and not contained in X.



Embedd|ng to L2(IP)) (S and Sterge, 2017)

What we have?
» Population eigenfunctions (¢;);c; of X: these form a subspace in H.

n

» Empirical eigenfunctions (&)/7l of 3: these form a subspace in J{.

v

Eigenvectors after approximation, (43,-),,,)7’:1 of ¥ these form a subspace in R™

v

We embed them in a common space before comparing. The common space is
L2(P).



Embedd|ng to LQ(P) (S and Sterge, 2017)

What we have?

» (Inclusion operator) Z : H — L2(P), f + f — fX f(x) dP(x)

P (Approximation operator) U : R™ — L2(]P’),

a éa; (ap,- - /X%'(X) dP(X))



Reconstruction Error (s and sterge, 2017)

(&> form an ONS for L2(P). Define k(-,x) = k(-,x) — up and 7 > 0.
VA i
» Population KPCA:

0 2

TR, X) = > < 5‘;,1;2(‘, X)>L2(P) \I/‘;

i=1

R =E

12(p)



Reconstruction Error (s and sterge, 2017)

ey

» Population KPCA:

(&> form an ONS for L2(P). Define k(-,x) = k(-,x) — up and 7 > 0.
i=1

2

. L Tei T¢;
R, = E ||Zk(-, X) — JTk(, X
‘ (%) ;<\/)\i ( )>L2(]P’) VA

12(p)

» Empirical KPCA:

Roe =E|Tk(,X)=>_ L Tk(-, X)

= AVA L2(P) Ai L2(P)

‘ < I I



Reconstruction Error (s and sterge, 2017)

(&) form an ONS for L?(P). Define /;(-,X) = k(-,x) — pp and 7 > 0.

» Population KPCA:

Rg:E

- ¢ Iéi - 74, 2
Tk(-, X) — E Tk(-. X
20 i=1 <m, ¢ )>L2(1P’) VA

12(p)
» Empirical KPCA:

L

Rnyg =E II;(,X)Z< Z(g’ ,II‘;(,X)> I‘Z[Sl

i=1

» Approximate Empirical KPCA:

i=1

2
Rmne = E|\T(-X) =3 < — ,IE(-,x)> N
i )\i,m



Result (S and Sterge, 2017)

Clearly R, — 0 as £ — co. The goal is to study the convergence rates for Ry, R, ¢ and
Rm,ne as £,m,n — oo.
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Result (S and Sterge, 2017)

Clearly R, — 0 as £ — co. The goal is to study the convergence rates for Ry, R, ¢ and
Rm,ne as £,m,n — oo.

)
Suppose \; < iT% a > %,K:nK and m = n” where § >0and 0 <y < 1.
> n729(17i) 5 Rg S n729(17i)

>
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me ~S —(i-0) a p 1 . .
n~\27%), GasT) = 0< 3 (variance dominates)

- (bias dominates)




Result (S and Sterge, 2017)

Clearly R, — 0 as £ — co. The goal is to study the convergence rates for Ry, R, ¢ and
Rm,ne as £,m,n — oo.

0
Suppose \; < iT% a > %,E:nK and m = n” where § >0and 0 <y < 1.

> n729(17i) 5 RZ 5 n729(17i)

>
ho n200-25) 0<o < m (bias dominates)
RN
! n(3-9) 2(5((\‘71) <6< % (variance dominates)
>
—20(1—5%) o
R < 22/, 0<0< 5a-
mmE ) = (3-0) st <f< 2
) 2Ba—1) = 2
for v > 26.

No statistical loss



Approach 2: Approximate the representer



Ridge Regression: Nystrom Approximation
> Given: {(x;,yi)};—; where x; € X, y; € R
> Task: Find a regressor f s.t. f(x;) = y;.



Ridge Regression: Nystrom Approximation

> Idea: Restrict f to H,, = {f € H:f =", ak(-.%)} and do
kernel ridge regression,

L1 2 2
fin — ;((f, k(- xi))w —yi)" + A5 (A >0)



Ridge Regression: Nystrom Approximation

> Idea: Restrict f to H,, = {f € H:f =", ak(-.%)} and do
kernel ridge regression,

L1 2 2
fin — ;((f, k(- xi))w —yi)" + A5 (A >0)

» Solution: Since f € H,,,

n

1 ~ .
in — Knm i~ i2 A TKmm
1208 7 3 (Romels =7+ 20 R (1>0)

where [Kpnmli = k(%i,%;) and [Kmnlij = k(%i,x;). Therefore
o= (K Kom+ n\Kpm) 1K y.

Computation: O(m”n).



Kernel PCA: Nystrom Approximation

argsup{<f,ff>ﬂ f €Hm, [|flln = 1}7

where

Hum {fe?—[ f—Zﬁ, (51,...,5m)eR'"}.

i=1

ﬁ K 1/2

where u is an eigenvector of % K 1/ZKT K, K_1/2.

Computation: O(m”n).



Computational vs. Statistical Trade-off

» Results similar to Approach 1 are derived for KRR with Nystrom
approximation (Bach 2013, Alaoui and Mahoney, 2015, Rudi et al., 2015).

» Kernel PCA with Nystrom approximation

Many directions and open questions ...



Questions



Thank You
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